SOLUTIONS

Lesson 6

Worksheet: Native American Stick Game of Chance
PART I: The Hand Stick Game

Throughout this worksheet, we will denote a male bone for the Stick Game with “X”, and we will denote a female bone for the Stick Game with “O”.  Each round begins with two hiders (one on the left and one on the right), each with one male bone and one female bone.  Therefore, four possible configurations of bones are possible in the two hiders’ hands:

(1) XO|XO

(2) XO|OX

(3) OX|XO

(4) OX|OX
1. The guessing team begins by guessing (using the hand gestures described in the lesson) one of the four configurations above and will collect each set of bones that was correct (and lose a stick for each set of bones that was incorrectly guessed).  What are the possible numbers of sets of bones that the guessing team could acquire at this stage?  Determine the probability of each of these numbers.
SOLUTION:  There are a total of two sets of bones hidden.  Therefore, the guessing team could have 0, 1, or 2 sets of bones correctly guessed.  For instance, suppose that the hiding team places the bones in configuration (3).  Then if the guessing team guesses that configuration, they collect 2 bones.  Since each of the four outcomes is equally likely to be chosen, the guessing team has a ¼ (or 25%) chance of guessing this configuration correctly. On the other hand, if the guessing team chooses configuration (1) or (4), then one of the two sets of bones was correctly guessed. The likelihood of this is 2/4 (or 50%). In this scenario, the hiding team collects a stick from the guessing team.  Finally, if the guessing team chooses configuration (3), then no sets of bones was correctly guessed. The likelihood of this is ¼ (or 25%), and in this case, the hiding team collects two sticks from the guessing team.  

In answering this question, we are applying a simple principle of probability. Namely, if there are n equally like outcomes of some experiment or activity, then the probability of any one of those outcomes is 1/n.  In our case, n = 4, and each configuration (1)—(4) above could be correct with likelihood ¼.  

2. Determine the probability that the team that begins the Hand Stick game as the guessing team loses the game without winning any bones.
SOLUTION:  We noted in the answer to Question 1 that there is a ¼ probability that the guessing team incorrectly guesses both sets of bones in the first round.  If this happens, then the hiding team gains two sticks and hides the bones again.  Once again, there is a ¼ probability that the guessing team incorrectly guesses both sets of bones in the second round. If this occurs, then once again, the guessing team surrenders two sticks to the hiding team and the process is repeated a third time.  Each team starts with 5 sticks of their own, and then the kick stick is in play.  Therefore, the guessing team could lose 6 sticks with no bones won.  This would require three cycles of incorrect guessing.  Since the probability of both sets of bones are incorrectly guessed each time is ¼, the probability that this happens three times in succession is (1/4)3 = 1/64.  The justification for this requires the multiplication rule for independent events in probability theory:

Multiplication Rule: If two outcomes A and B of an experiment are independent (neither outcome’s occurrence changes the probability of the other outcome’s occurrence) and occur with probability p(A) and p(B), respectively, then the probability that these outcomes occur on successive experiments is given by the formula p(A and B) = p(A)*p(B).

Example: Suppose that a fair 6-sided die (with sides numbered 1,2,3,4,5,6) is rolled twice.  What is the probability that a “4” is obtained on the first roll and an odd number is obtained on the second roll?  

SOLUTION:  Let A be the outcome that a “4” is obtained on the first roll, and let B be the outcome that an odd number is obtained on the second roll.  Then p(A) = 1/6 and p(B) = 3/6 = ½.  By the Multiplication Rule, the probability that both of these outcomes occurs is p(A and B) = p(A)*p(B) = (1/6)*(1/2) = 1/12.

Returning to the example above, we actually have three outcomes, A, B, and C, where A is the outcome that the guessing team collects no bones on the first round, B is the outcome that the guessing team collects no bones on the second round, and C is the outcome that the guessing team collects no bones on the third round.  Then p(A) = p(B) = p(C) = ¼, and the (extended) Multiplication Rule (to include three terms) dictates that p(A and B and C) = p(A)*p(B)*p(C) = (1/4)*(1/4)*(1/4) = 1/64, as stated earlier.

3. Explain how a team that possesses all live sticks, but not the kick stick, could still lose the Hand Stick game.  What is the probability that this happens without the teams trading hiding/guessing roles again?

SOLUTION:  A team that controls all of the live sticks has 10 sticks. They would have to lose 11 sticks in a row (the 10 live sticks they already have, plus the kick stick) in order to lose the game. For this to happen, they would have to be the guessing team and they could correctly guess at most one set of bones (once both sets of bones are correctly guessed the roles of hiding and guessing switch). This would require at least 6 rounds of play, since at most two sticks can be lost per round.  

However, instead of considering the rounds of play, it is easier here to consider each guess that is made, which is correct with probability ½ and incorrect with probability ½. If the guessing team makes 10 incorrect guesses in a row (in 5 consecutive rounds) and loses all 10 of its live sticks, which happens with probability (1/2)10 or equivalently (1/4)5, then in the sixth round, there is a ¾ probability that the guessing team will lose another stick (if they fail to correctly identify both sets of bones).  Using the Multiplication Rule, the probability of this sequence of events is therefore (3/4)*(1/2)10.  

On the other hand, suppose that one of the first 10 guesses is correct, so that only 9 sticks have been lost.  Once a set of bones has been correctly identified, only one more set of bones will be hidden in each round, and therefore only one stick can be lost per round.  Since the team has only lost 9 sticks at this point, there are still 2 sticks left, and these will both be lost with probability (1/2)*(1/2) = 1/4, by using the Multiplication Rule.  As for the first 10 guesses, exactly one of them is assumed correct. There are 10 choices for which one of the first 10 guesses is correct (and then, by default, the other 9 guesses must be incorrect). The probability of this sequence of events is obtained by the Multiplication Rule as (1/2)10*(1/4), but since there are 10 different ways it could occur, the total probability that exactly one of the first 10 guesses is correct and the team still loses is 10*(1/2)10*(1/4).    

Finally, we must sum the probabilities of the two scenarios we have described above, since either one of them results in the team losing.  Therefore, the answer is (3/4)*(1/2)10 + 10*(1/2)10*(1/4) ≈ 0.31738281%, a very remote possibility to be sure.    
4. Imagine a variation of the Hand Stick Game in which three sets of (male and female) bones are hidden in each round. Discuss the ramifications for how this would alter the Hand Stick Game, and provide a mathematical justification.

SOLUTION:  Now there are eight possible configurations of bones:

(1) XO|XO|XO
(2) XO|XO|OX
(3) XO|OX|XO
(4) XO|OX|OX
(5) OX|XO|XO
(6) OX|XO|OX
(7) OX|OX|XO
(8) OX|OX|OX
In this scenario, it is less likely that all of the bones will be correctly identified by the guessing team.  In particular, the probability of guessing all three sets of bones correctly is only 1/8, rather than 1/4.  As a result, more incorrect guesses are likely during a given round, which means that the hand sticks will likely be passed between teams more frequently than in the real game.  Moreover, if the guessing team is low on sticks, the game could come to an end more quickly because they must identify more bone sets correctly before gaining the opportunity to acquire sticks back from the opposing team.  Perhaps it would be reasonable, under this variation of the game, to increase the total number of sticks to prevent the game from ending too quickly on a regular basis.
PART II: Hand Stick Game Extension
Student teams choose one of the games in Addendum 1. After researching the chosen game, the student group develops a set of question paralleling those given above in Part I and creates a solution key for the problem set as well. The research, problem sets and the solutions should be shared with other class members.
